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Abstract— We build a model of competition among privately

issued cryptocurrencies. We use a well-known monetary eco-

nomics environment, the Lagos-Wright model, and include

founders who can issue their own currencies in order to

maximize their utility. Founders are endowed with productive

capital that allows them to invest in projects that span multiple

periods. We find that the presence of productive capital allows

for global equilibrium under free entry assumptions. Without

productive capital, we find that a continuum of stable and

unstable equilibrium solutions exist within the same model

framework.

I. INTRODUCTION

Bitcoin, a decentralized digital cash system introduced
and documented by the pseudonymous Satoshi Nakomoto
(Nakomoto, 2008), is the first and arguably most well-
known protocol to have been developed in the space of trust-
less internet exchange media known as cryptocurrencies.
Since then, hundreds of other cryptocurrencies have come
into existence. Cryptocurrency systems rely on cryptographic
techniques and a distributed network of peer-to-peer users to
validate the creation, transaction, and storage of value within
the system. Instead of having an account maintained by a
central authority (bank, government, custodian, etc.), each
user generally has a set of addresses, each consisting of a
private and public key pair with which they use to transact
within the system. The cryptographic validation process–
often called ”mining”–relies on provably difficult computa-
tional algorithms to ensure minimal counterfeit transactions
are produced by the cryptocurrency system.1

Many of these cryptocurrencies are created by founders
in hopes to create a decentralized platform where users
exchange cryptocurrencies on the network for use of the
platform. For example, the cryptocurrency Synereo (Konforty
et al., 2015) is a decentralized social network where users
trade the namesake currency in exchange for content access,
publication, and other services within a social network of
Synereo users. Ethereum (Wood, 2015) is another cryptocur-
rency that provides users a protocol on top of which to create
online contracts. This scheme allows decentralized promises
and inter-temporal value flows without a centralized store of
records.

With so many cryptocurrencies being created, a natural
question becomes: can numerous cryptocurrencies exist in
competition within the same economy? If so, what are the
societal effects of an economy like this in terms of money

1See Antonopoulos (2014) for a technical introduction to the Bitcoin
cryptocurrency system.

supplied and goods produced? We find that an economy with
cryptocurrencies as the sole monetary assets can produce
equilibria in which multiple cryptocurrencies exist as media
of exchange. We also find that, depending on the productive
capital in the economy, certain monetary equilibria can
provide the optimal amount of money which produces the
maximal amount of goods in the economy.

We alter the Lagos-Wright (Lagos and Wright, 2005)
model of monetary economics to include founders who can
issue their own fiat currency. These founders are also able
to invest in a productive project at each stage in the model.
Other buyers and sellers of the cryptocurrency behave as dic-
tated by the original Lagos-Wright monetary model, trading
in both a centralized and decentralized market. Under this
model framework, we find that the existence of productive
capital produces a unique, stationary monetary equilibrium.
Without productive capital, the dynamics within the economy
get more complicated and a continuum of equilibria arise. We
also alter the traditional Lagos-Wright model to investigate
network effects within cryptocurrencies and find that network
effects exist and can result in a non-optimal money supply.

This analysis has close ties to the economic study of
private currencies. Indeed, cryptocurrencies have provided a
revival in the feasibility of private currencies not seen since
the free banking movement in the early 19th century (White,
1995). With respect to private currencies, we build off the
ideas of Cavalcanti et al. (1999), Williamson (1999), Monnet
(2006), and Rocheteau and Wright (2005). We follow most
closely the derivation of Rocheteau and Wright (2005), but
use findings from the other papers as well. Unlike these
papers–which focus on modeling banks and their reserves–
we assume that founders issue fiat money without any asset
backing its intrinsic value. In fact, this seems to be the
better characterization of cryptocurrencies at this point since
the value of most cryptocurrencies is based purely off of
speculation. Cryptocurrencies also cannot be used to pay
taxes in any state, so they have no public value. Along
with its close ties to the above research, the findings in
this paper give vindication to the ideas of a completely
denationalized monetary system as envisioned by Hayek
(Martin and Schreft, 2006).

Despite the strong interest in private currencies and general
fiat currency competition within economics, literature regard-
ing cryptocurrencies has tended to focus on the technical
aspects of such a system as opposed to the economic
ramifications. Most papers analyzing cryptocurrencies have
either focused on the computer science aspects (Decker and
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Wattenhofer, 2013) or the topological networks produced by
cryptocurrencies (Ron and Shamir, 2013). To the author’s
knowledge, there exist only a few previous works regarding
economic approaches to private digital currencies. One of
these works is from Gans and Halaburda (2013), in which
they focus on platform currencies from the likes of Facebook
and Amazon. The other is Luther (2015), in which cryptocur-
rency adoption is modeled by way of network effects and
switching costs. These previous literatures serve as a starting
point for the work presented in this paper, but we focus on
traditional economic theory as opposed to technically-driven
models.

This paper avoids issues related to the actual implementa-
tion of cryptocurrency systems like consensus, information
distribution, and 51 percent attacks (Kroll et al., 2013). While
these are no doubt important problems, they are extremely
specified in their modeling approach. We focus instead on a
strictly monetary and macroeconomic approach to modeling
cryptocurrency competition.

The rest of the paper is organized as follows. Section 1
discusses current dynamics in the cryptocurrency market to
motivate the model. Section 2 sets up the model framework
and includes a discussion of founders of cryptocurrencies
within the model. Section 3 describes the market for cryp-
tocurrencies and the interaction between agents within the
model. Section 4 includes characterization of equilibria in
the economy along with further dynamic properties. Section
5 analyzes the scenario in which productive capital no longer
exists in the model economy. Section 6 provides provides a
discussion of the applicability of the paper’s findings.

II. CURRENT MARKET DYNAMICS

There are currently more than 600 cryptocurrencies in
existence today.2 While many of these currencies have
no transactional or trade value, there are more than 300
cryptocurrencies with positive exchange value and 63 cryp-
tocurrencies with market capitalization above $60 million.
The most popular of the cryptocurrencies, Bitcoin (BTC),
has a market capitalization of over $7 billion and, at the
time of writing, trades at an exchange rate of approximately
$400/BTC.

Because the cryptocurrency market is relatively nascent, it
is difficult to separate the speculative pricing of cryptocurren-
cies from underlying fundamental valuation. Therefore, it is
difficult to empirically determine the competitive interactions
between these private currencies. However, the number of
well-capitalized cryptocurrencies seems to imply that numer-
ous cryptocurrencies may exist simultaneously. We wish to
capture this fact in our model.

Table 1 displays autoregressions of popular cryptocurrency
exchange rates against USD. For almost all the cryptocur-
rencies, the price level at both 10 and 30 day lags is
significant in explaining the future price level. This implies
day-to-day stability in currency prices and strong dependence

2the full list of these currencies can be found at
http://www.coinmarketcap.com

on historical price levels. We hope to capture this stable,
recursive relationship within our model. We also see fairly
high variances with respect to daily price changes within
some of the cryptocurrencies.

TABLE I
AUTOREGRESSION COEFFICIENTS FOR 10 AND 30-DAY LAGS FOR POPULAR

CRYPTOCURRENCIES VS USD. VARIANCE IS CALCULATED ON DAILY GROWTH

OVER THE ENTIRE 664 DAY WINDOW. TICKERS: BITCOIN (BTC), ETHEREUM

(ETH), PEERCOIN (PPC), NXTCOIN (NXT), NOVACOIN (NVC), NAMECOIN

(NMC), LITECOIN (LTC).

BTC/USD ETH/USD PPC/USD NXT/USD NVC/USD NMC/USD LTC/USD

AR(10) 0.90 0.35 0.67 0.24 0.80 0.92 0.84
AR(30) 0.67 -0.43 0.46 0.32 0.53 0.81 0.53
Var 0.001 0.016 0.040 6.241 0.008 0.005 0.007

Table 2 shows the correlation matrix between exchange-
rate price relatives (in USD) of some of the most popular
cryptocurrencies. We see that there exists fairly strong re-
lationships between some of the cryptocurrency pairs while
others seem to be independent. This diversity of relationships
is something we hope to investigate with support from the
model. In the next section, we turn to causality analysis to get
a clearer picture at the underlying competitive relationships
within the cryptocurrency market across time.

A. Causality Analysis

We now look more rigorously at the underlying interac-
tions between competing cryptocurrencies. The rudimentary
correlation analysis yielded mixed results as to the underly-
ing relationships between cryptocurrencies.

To test for competitive currency interactions across
time, we look for exchange-rate causality between six
cryptocurrencies–Litecoin (LTC), Peercoin (PPC), Doge-
coin (DOGE), Novacoin (NVC), Nxtcoin (NXT), Namecoin
(NMC)–and Bitcoin (BTC). We choose a 1-day and 30-day
time period in order to investigate short-term and longer-term
relationships that may be present.

In trying to tease out competitive interactions between
cryptocurrencies, a natural question to ask is whether move-
ments in the USD/BTC exchange rate ”predict” future
movements in other digital currencies. Because our data is
restricted in its ability to test these claims exactly, we test for
causality in the technical sense by applying Granger causality
analysis (Granger, 1969). We are not estimating a structural
model when performing this analysis. However, we believe
that this approach is useful in assessing the interrelatedness
of various cryptocurrencies.

We use just under two years of daily historical exchange
rate data 3 for each cryptocurrency (and USD) denominated
in base price BTC. We analyze the exchange-rate causality
with respect to Bitcoin because it is the most popular cryp-
tocurrency. If any cryptocurrency were to empirically benefit
from network effects and dominate other cryptocurrencies,
it would certainly be Bitcoin. For this analysis, we choose
to use the oldest cryptocurrencies in order to maximize

3data acquired from http://alt19.com/
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our look-back time. Unsurprisingly, these time series are
non-stationary and co-integrated. To limit these effects, we
transform each dataset into a time series of daily growth
rates. From this differentiated data, we construct two time
series for each cryptocurrency based on a 1-day and 30-day
lag.

Our null hypothesis is that the exchange rate of each
cryptocurrency (and Bitcoin) is independent of the lagged
rates of itself and Bitcoin. If this were the case, we could say
that each of our cryptocurrencies of interest do not depend
on the exchange price of Bitcoin. In other words, these
cryptocurrencies are not in direct competition, and Bitcoin
does not have any noticeable network effects over the other
currencies.

TABLE II
CORRELATION MATRIX OF DAILY PRICE RELATIVES IN BASE USD OF

POPULAR CRYPTOCURRENCIES

BTC/USD LTC/USD DOGE/USD NMC/USD NVC/USD NXT/USD PPC/USD

BTC/USD 1.00 -0.06 0.01 0.12 0.06 0.01 -0.08
LTC/USD 1.00 0.27 -0.04 -0.09 0.00 0.00
DOGE/USD 1.00 -0.02 -0.01 0.00 0.03
NMC/USD 1.00 0.69 0.00 0.04
NVC/USD 1.00 0.01 0.02
NXT/USD 1.00 0.13
PPC/USD 1.00

To test whether the six cryptocurrencies have any ”pre-
dictive” power over the USD/BTC exchange rate, we in-
dividually regress each lagged cryptocurrency against the
USD/BTC rates for both a 1 day and 30 day lag along with
the corresponding lagged USD/BTC auto-regressor:

y

t

= �1xt�1 + �2yt�1

Of course, causality could be multi-directional, so we also
let both lagged time series for the USD/BTC growth rates
be regressors against each each individual cryptocurrency.
Again, we include the corresponding lagged cryptocurrency
rates as auto-regressors. Using the same notation, the corre-
sponding regression equation is

x

t

= �1xt�1 + �2yt�1

Our results for the Granger causality analysis are shown
in Tables 3 and 4. We include the coefficients for each
regression along with the lower and upper bounds for a t-
student 95% confidence interval. We also include R-squared
values for each regression.

All coefficients for the causality analysis are significant
at 95% confidence. The regression coefficients show mixed
results. Unsurprisingly, the 1-day lag of USD/BTC is positive
in its predictive value in the next day’s USD/BTC exchange
rate change. However, the null hypothesis that the 1-day lag
of the other cryptocurrencies having significant effects on the
next day’s USD/BTC price cannot be rejected. In the other
direction, we can only reject the null hypothesis that the 1-
day lagged USD/BTC rate has no significant effect on our
six cryptocurrencies in the case of LTC. This relationship is
not strong. All other coefficients appear to be zero.

TABLE III
GRANGER REGRESSIONS FOR 6 CRYPTOCURRENCY EXCHANGE VALUE

GROWTH RATES WITH RESPECT TO USD/BTC EXCHANGE VALUE

GROWTH RATES WITH 1 DAY LAG. LAGGED VARIABLES (-1) ARE THE

INDEPENDENT VARIABLES. LOWER AND UPPER REPRESENT LOWER AND

UPPER BOUNDS FOR A 95% CONFIDENCE INTERVAL, RESPECTIVELY.

PPC/BTC Lower Upper USD/BTC Lower Upper

PPC/BTC(-1) -0.079 -0.155 -0.002 -0.015 -0.046 0.016
USD/BTC(-1) -0.048 -0.236 0.140 0.111 0.035 0.187
R-squared 0.007 0.013

LTC/BTC Lower Upper USD/BTC Lower Upper

LTC/BTC(-1) -0.013 -0.089 0.063 0.038 -0.011 0.087
USD/BTC(-1) -0.170 -0.288 -0.052 0.109 0.033 0.185
R-squared 0.012 0.015

DOGE/BTC Lower Upper USD/BTC Lower Upper

DOGE/BTC(-1) -0.024 -0.100 0.053 0.000 -0.001 0.001
USD/BTC(-1) -0.978 -5.196 3.240 0.108 0.032 0.184
R-squared 0.001 0.012

NVC/BTC Lower Upper USD/BTC Lower Upper

NVC/BTC(-1) -0.059 -0.135 0.018 0.000 -0.028 0.027
USD/BTC(-1) -0.084 -0.293 0.124 0.108 0.032 0.184
R-squared 0.005 0.012

NXT/BTC Lower Upper USD/BTC Lower Upper

NXT/BTC(-1) -0.236 -0.310 -0.162 -0.004 -0.042 0.035
USD/BTC(-1) -0.104 -0.250 0.042 0.108 0.032 0.184
R-squared 0.058 0.012

NMC/BTC Lower Upper USD/BTC Lower Upper

NMC/BTC(-1) 0.980 0.967 0.993 1.485 -0.960 3.931
USD/BTC(-1) 0.000 0.000 0.001 0.106 0.030 0.182
R-squared 0.971 0.014

TABLE IV
GRANGER REGRESSIONS FOR 6 CRYPTOCURRENCY EXCHANGE VALUE

GROWTH RATES WITH RESPECT TO USD/BTC EXCHANGE VALUE

GROWTH RATES WITH 30 DAY LAG. LAGGED VARIABLES (-30) ARE THE

INDEPENDENT VARIABLES. LOWER AND UPPER REPRESENT LOWER

AND UPPER BOUNDS FOR 95% CONFIDENCE INTERVAL, RESPECTIVELY.

PPC/BTC Lower Upper USD/BTC Lower Upper

PPC/BTC(-30) -0.008 -0.085 0.069 0.026 -0.006 0.057
USD/BTC(-30) -0.085 -0.275 0.105 -0.026 -0.104 0.051
R-squared 0.001 0.004

LTC/BTC Lower Upper USD/BTC Lower Upper

LTC/BTC(-30) -0.007 -0.083 0.069 0.006 -0.044 0.056
USD/BTC(-30) -0.015 -0.133 0.104 -0.021 -0.099 0.056
R-squared 0.000 0.001

DOGE/BTC Lower Upper USD/BTC Lower Upper

DOGE/BTC(-30) -0.006 -0.084 0.073 0.001 -0.001 0.002
USD/BTC(-30) -0.159 -4.485 4.167 -0.022 -0.099 0.056
R-squared 0.000 0.002

NVC/BTC Lower Upper USD/BTC Lower Upper

NVC/BTC(-30) -0.047 -0.124 0.031 0.017 -0.011 0.046
USD/BTC(-30) 0.036 -0.174 0.246 -0.023 -0.101 0.054
R-squared 0.002 0.003

NXT/BTC Lower Upper USD/BTC Lower Upper
NXT/BTC(-30) 0.099 0.022 0.176 -0.004 -0.043 0.036
USD/BTC(-30) -0.064 -0.216 0.088 -0.022 -0.099 0.056
R-squared 0.011 0.001

NMC/BTC Lower Upper USD/BTC Lower Upper

NMC/BTC(-30) 0.684 0.646 0.722 2.620 0.077 5.163
USD/BTC(-30) 0.000 -0.001 0.002 -0.025 -0.102 0.052
R-squared 0.665 0.007
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We see similar results in the 30-day lag scenario. This
time, the BTC/USD(-30) rate does not appear to affect the
LTC/BTC rate. However, we can reject our null hypothesis
in the case of NMC/BTC(-30) having predictive power on
the USD/BTC rate.

A multi-directional causality between cryptocurrencies
would imply an underlying connection between cryptocur-
rency values. Because we can only reject our null hypothesis
in two cases, it appears that cryptocurrencies are not strict
substitutes for one another and may not be in competition.
We shall see that our model holds similar qualitative results
but does not match the previous analysis from a quantitative
perspective. However, the cryptocurrency market is relatively
nascent, so real currency interactions may still approach our
model in the long run.

III. MODEL

Take time to be discrete. Assume there is a [0,1] con-
tinuum of agents who live forever. We break these agents
into two groups: buyers and sellers. There exists a large,
finite number of both buyers and sellers. The only difference
between buyers and sellers is that while during the day
all agents want to consume and produce, during the night
buyers want to consume but cannot produce whereas sellers
can produce but do not want to consume. We add to these
agents a third set, founders, of which there are a countably
infinite amount. Each time period is divided into two smaller
periods. We can consider these sub-periods to be something
like day and night. All agents share a common discount
factor � = �

D

�

N

2 (0, 1) where �

D

represents the discount
factor between day and night, and �

N

represents the discount
factor between night and the following day.

During the day, all agents interact in a centralized market
where a non-storable good (call this the day good) is both
produced and consumed. With centralized trade, specialized
production of goods cannot interfere with trading, so one can
assume all agents to produce and consume the same type of
general good. Agents discount over all time periods. Buyers
and sellers use a linear technology to turn labor into the
day good. This assumption on the disutility of production
allows for tractability in our solutions (Lagos and Wright,
2003). We assume that all agents desire to consume the day
good as well. We could allow intertemporal trade in the day
market, but it would not happen since, by symmetry, one
cannot find an agent who wants to save and another who
wants to borrow at their shared interest rate.

At night, buyers and sellers move to a decentralized market
where they interact via anonymous bilateral matching. Lagos
and Wright (2003) find that Nash bargaining can result in
inefficient trading activity in the decentralized market. To
avoid these inefficiencies (and to avoid an over-complex
model), we assume the buyer in the decentralized market
offers one price at the time of meeting, and the seller has
the choice to either take this price or leave the meeting. In
other words, there is no bartering between buyers and sellers.
We set up the problem under a bargaining scheme, but then
restrict agents to a single price-offering round. Rocheteau and

Wright (2005) find that the choice of bargaining behavior has
an effect on the monetary equilibria, so we simplify to not
obfuscate the interpretability of the model. A buyer meets a
seller or a seller meets a buyer with probability � 2 (0, 1).
During the night a seller is able to produce a non-storable
good (the night good) using a technology that constructs this
good as a linear function of labor. The characteristics of this
good are dependent on the seller who does not consume it, so
the night goods are consumed by only a subset of the agents
in the economy (the buyers). Founders neither produce nor
consume during the night.

Founders are born with a technology they can use to create
cryptocurrencies. As is the case with their real-life counter-
parts, we assume that these cryptocurrencies are public and
that their authenticity can be verified immediately and at zero
cost. This has the benefit of making counterfeiting impossible
and displaying publicly the founder’s market actions. This
technology allows cryptocurrencies to be circulated by their
founders as a medium of exchange within the economy.
Founders interact in the centralized market like all the other
agents.

The preferences in the centralized market are as follows.
For the buyers, let x

t

2 R be the consumption of the day
good. Take q

t

2 R+ to represent the consumption of the
night good. Take v(x) to be the utility function of a buyer in
the centralized market such that v0(x) > 0 8x and v

00
(x) <

0 8x. We require x

⇤
> 0 to exist such that v(x⇤

) = 1. Let
u(q) be a buyer’s utility from consuming a good at night.
Assume u is C

n with u

0
> 0 and u

00
< 0. Also let u(0) = 0

and u

0
(0) = 1. In short, u : R+ ! R is continuously

differentiable, increasing, and strictly concave. We can now
define the overall (von Neuman-Morgenstern) preferences U b

of a buyer as

U

b

(x

t

, y

t

, q

t

) = v(x

t

)� y

t

+ �

D

u(q

t

) (1)

Which implies lifetime utility for a buyer

1X

t=0

�

t

U

b

(x

t

, y

t

, q

t

) (2)

We see that the buyer cares only about her net consump-
tion of the general market good during the day and the utility
derived from consuming a specified good at night. Similarly,
we take a seller’s overall utility preference U

s to be

U

s

(x

t

, y

t

, q

t

) = v(x

t

)� y

t

� �

D

c(q

t

)

4 (3)

with lifetime utility

1X

t=0

�

t

U

s

(x

t

, y

t

, q

t

) . (4)

c(q) here is the disutility of production. Assume c : R+ !
R+ is continuously differentiable, increasing, and weakly
convex with c(0) = 0. Also, for some q > 0 let u(q) = c(q),
and for some efficient quantity q

⇤, let u0
(q

⇤
) = c

0
(q

⇤
). As

4we use qt here since we assume a linear production function
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we can see, a seller has the same preferences over day goods
as the buyer, but the seller opts to produce at night rather
than consume.

Finally, we characterize the founders in the economy. Let
i 2 {1, 2, 3, ...} enumerate individual founders. Take x

t

i

2
R+ to be founder i’s consumption of the day good. A founder
does not produce during the day, so founder i enjoys overall
utility U

f

i

given trivially by

U

f

i

(x

i

t

) = x

i

t

(5)

which translates to lifetime utility

1X

t=0

�

t

x

i

t

. (6)

Cryptocurrency technology allows us to assume that the
endowed record-keeping technology of the founder allows
him to reveal her trading history to the public without cost.
It is this public knowledge of a founder’s trading history that
will allow her private currency to gain value.

We also believe this is a realistic way to think about
economic activity. In reality, there is some activity in our
economic lives that is relatively centralized–it is fairly easy
to trade, credit is available, we take prices as given, etc.–
which can be well captured by the notion of a competitive
market. But there is also much activity that is relatively
decentralized–it is not easy to find trading partners, it can
be hard to get credit, etc.–and is captured by search theory.
One might imagine that there are various alternative ways to
integrate search and competitive markets. Here we present
one that we think is useful.

IV. MARKET

Meetings in the distributed market are anonymous. Be-
cause of this, there is no ability for agents to trade futures in
this market. To achieve allocations in this distributed market,
a medium of exchange is needed. Usually, this medium of
exchange is supplied by the government in the form of fiat
currency. The government follows a range of monetary policy
rules and all agents observe the supply of money at each time
period. This allows agents to form beliefs about the exchange
value of money across all time periods, current and future.

Instead of the traditional arrangement just described, we
consider a monetary system that is purely private. In this
economy, founders issue cryptocurrencies with value in-
trinsically set to zero. These cryptocurrencies cannot be
redeemed for any asset at any date in the future; they are fiat.
Cryptocurrencies then circulate as media of exchange and
gain positive value in the process. Because cryptocurrencies
are distributed publicly and the history of the currency is
verifiable by all agents, the total amount of currency put
into circulation by a founder is known to everyone in the
economy. As well, all agents understand that a founder
enters the currency issuing business to maximize profits.
Therefore, one can describe an individual’s behavior by
solving the founder’s optimization problem in the market
for cryptocurrencies. This allows agents the ability to form

beliefs about the exchange value of cryptocurrencies given
the observed individual issuances. Thus, profit maximization
determines the money supply in the overall economy and
serves a similar purpose as monetary policy in the case of a
government-issued monetary economy. In the scope of this
scenario, it is reasonable to believe that a sequence of strictly
private currencies may eventually attain positive exchange
value.

Each founder issues their own perfectly divisible, intrinsi-
cally useless, storable object called money. Denote the value
of this monetary unit issued by founder i 2 {1, 2, 3, ...} as
�

i 2 R+. The value of this cryptocurrency is in terms of the
day good.

We assume that anyone can be a founder of a cryptocur-
rency (free entry) such that there is no cost to operate as
a founder. This assumption causes the number of founders
in the economy to be indeterminate, but we require there to
exist countably many. Specifically, assume there are N 2 Z+

cryptocurrency founders that have entered the market. Let
� = (�

1
,�

2
, ...,�

N

) 2 RN

+ be a vector of cryptocurrency
prices within the economy.

A. Buyers

We assume that our buyers hold a cryptocurrency portfolio
m = (m

1
,m

2
, ...,m

N

) 2 RN

+ during the day. After
trading during the day, the buyer has a resultant mone-
tary portfolio cm 2 RN

+ . Take q

t

(m) 2 R+ as a buyer
or seller’s production of the night good. Let d

t

(m) =

(d

1
t

(m) , d

2
t

(m) , ..., d

N

t

(m)) 2 RN

t

be the basket of
currencies the buyer transfers to the seller in exchange for the
distributed good. Let V b

t

(m) denote a buyer’s value function
at night with monetary portfolio m. Then W

b

t

(m) denotes
the value function for a buyer during the day and is defined
via the Bellman equation

W

b

t

(m) = max

(x,cm)2R⇥RN
+

[x+ �

D

V

b

t

(

cm)] (7)

with budget constraint

�t ·cm+ x = �t ·m (8)

where x = v(x) � y such that x 2 R denotes the net
consumption of the day good. We define the buyer’s value
function at night as

V

b

t

(m) = �[u(q

t

(m) + �

N

W

b

t+1(m� d
t

(m))]

+ (1� �)�

N

W

b

t+1(m)

(9)

As we can see, the buyer recursively values her portfolio
at night depending on the next day’s options given the same
monetary portfolio. She will need to solve the dynamic
programming problem by recursively maximizing in both
markets across all time periods. Again, our agents do not
bargain, so the buyer offers a basket of currencies d =

(d

1
, d

2
, ..., d

N

) 2 RN

+ in exchange for night good quantity
q 2 R+. The buyer rationally makes this offer to maximize
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her expected surplus at night. To solve this, rewrite her value
function (7) by substituting x in the budget constraint:

W

b

t

(m) = �t ·m+W

b

t

(0) (10)

where

W

b

t

(0) = max

bm2RN
+

[��t ·cm+ �

D

V

b

t

(

cm)] . (11)

We can then plug this back into (9) for night value function

V

b

t

(m) = �[u(q

t

(m))� �

N

⇥ �t+1 · d
t

(m)]

+�

N

⇥ �t+1 ·m+ �

N

W

b

t+1(0) .
(12)

Our buyer’s decision for her trade offer then becomes

max

(q,d)2RN+1
+

[u(q)� �

N

⇥ �t+1 · d] (13)

subject to

�

N

⇥ �t+1 · d� c(q) � 0 (14)

and

d  m (15)

where (14) respects the seller’s ability to walk away from
trade, and (15) ensures that the buyer can, in fact, make the
offer given her monetary portfolio m. The solution (q,d)
is dependent on m as long as d  m binds. Otherwise,
q solves the first order conditions with d = m. If we let
q

⇤ 2 R+ be the quantity of goods satisfying u

0
(q

⇤
) = c

0
(q

⇤
)

then the characterized solution to buyer’s problem is

q

t

(m) =

(
c

�1
(�

N

⇥ �
t+1 ·m) if �

t+1 ·m < �

�1
N

c(q

⇤
)

q

⇤ if �
t+1 ·m � �

�1
N

c(q

⇤
)

(16)
and

d
t

(m) =

(
m if �

t+1 ·m < �

�1
N

c(q

⇤
)

(�

N

⇥ �
t+1)

�1
c(q

⇤
) if �

t+1 ·m � �

�1
N

c(q

⇤
) .

(17)
From the above, we can see that the basket of currencies

traded in the decentralized market is a function of the buyer’s
monetary portfolio. With this solution, the buyer’s night-time
value function takes the form

V

b

t

(m) =

8
>>>>>><

>>>>>>:

�[u(c

�1
(�

N

⇥ �t+1 ·m))� �

N

⇥ �t+1 ·m]

+�

N

⇥ �t+1 ·m+ �

N

W

b

t+1(0)

if �
t+1 ·m < �

�1
N

c(q

⇤
)

�[u(q

⇤
)� c(q

⇤
)] + �
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⇥ �
t+1 ·m+ �

N

W

b

t

(0)

if �
t+1 ·m � �

�1
N

c(q

⇤
)

(18)
The maximizing choice of cm is independent of m, and

W

b

(m) is linear in m. Assuming V

b is differentiable, the
first order conditions for the optimal portfolio choice are

��

i

t

+ �

D

V

b

i,t

(

cm)  0 , 8i . (19)

Take ↵

i

t+1 = �

i

t+1/�
i

t

. If for every currency i, ↵i

t+1 <

�

�1 then we know the buyer will satisfy

�(

u

0
(q

t

(m))

c

0
(q

t

(m))

� 1) + 1 =

1

�↵

i

t+1

, 8i (20)

where q

t

(m) = c

�1
(� ⇥ �

t+1 · m). Per above, a buyer
optimizes across all currencies and forces an equilibrium
in which the expected monetary return must be the same
across each of the cryptocurrencies with non-zero value in
the economy. This is due to the fact that any cryptocurrency
is assumed to be just as viable as a medium of exchange as
any other cryptocurrency in the system. Thus, an agent will
only hold a given cryptocurrency if it can provide the same
(or higher) yield as the other currencies.

B. Seller

Symmetrically, let W

s

(m) be the value function for a
seller with monetary portfolio m in the market for day goods.
Let V s

(m) be the equivalent value function in the market
for night goods. Bellman’s equation for sellers is then

W

s

t

(m) = max

(x,cm)2R⇥RN
+

[x+ �

D

V

s

t

(

cm)] (21)

with budget constraint

�
t

·cm+ x = �
t

·m (22)

Again, x = v(x) � y. In a similar way to the buyer’s
scenario, we get

V

s

t

(m) = �[�c(q

t

(m
b

)) + �

N

W

s

t

(m+ dt(mb

))]

+ (1� �)�

N

W

s

t+1(m)

(23)

for the seller’s value function at night. It is important to
note here that m

b

2 RN

+ is the portfolio of the buyer that
our seller meets in the distributed market. We could take
first order conditions for the seller to solve his problem, but
since the seller’s value only depends on the buyer’s monetary
portfolio at night, this implies that money does not bring any
value to the seller at night. Opportunity cost implies that a
seller will optimally choose to not hold any cryptocurrencies
in the limit as ↵

i

t+1 ! �

�1 while buyers hold all the money
in the economy.

C. Founder

Founders are endowed with currency-issuing technology
that provide them a costless way to publicly display trading
histories and money supply. Founders are also endowed with
a project that requires day goods as input and pays off at
the start of the day in the next time period. This capital is
non-tradable and does not compete with cryptocurrencies as
media of exchange. Take k 2 R+ to be the amount invested
in the project and P (k) the payoff in terms of the day good
in the central market. With r as our return on capital, define
P (k) as
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P (k) =

(
(1 + r)k if 0  k  ◆

(1 + r)◆ if ◆ < k  1

(24)

where (1 + r) � �

�1 and 0 < ◆ < 1. Let M i

t

2 R+ be
founder i’s cryptocurrency circulation in the current period
and M

j

t

2 R+ be founder i’s holdings of cryptocurrencies
issued by each founder j such that j 6= i. We then define a
founder’s budget constraint as
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t�1+P (k
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(25)
over every t. With ↵

i

t+1 < �

�1 8i, a founder consumes

x

i

t

= �

i

t

(M

i

t

�M

i

t�1) + r◆ (26)

which discounted over her lifetime becomes

1X

!=t

�

!�t

[�

i

!

(M

i

!

�M

i

!�1) + r◆] . (27)

The record-keeping technology endowed to the founder
allows her the privilege to earn seignorage from circulating
a cryptocurrency. From above, we see that issuing cryptocur-
rencies allows a founder to make returns on seignorage which
she can use to fund her project which provides an income
source across periods. The currency issued by each founder
is inherently worthless and does not contain a promise
for exchange of an asset at a future date. A founder can
adjust cryptocurrency circulation by making purchases and
sales during the day (in accordance with maximizing her
profits). We assume free entry into the market for issuing
cryptocurrencies, so without operational costs we have

1X

!=t

�

!�t

[�

i

!

(M

i

!

�M

i

!�1) + r◆] = 0 . (28)

Under the assumption that consumption is non-negative,
we get

�

i

t

(M

i

t

�M

i

t�1) + r◆ = 0 . (29)

If the cryptocurrency issued by founder i has a posi-
tive value in equilibrium and r > 0, we must have that
M

i

t

< M

i

t�1. This implies that the supply of each founder’s
cryptocurrency must be monotonically decreasing under free-
entry conditions. This situation is peculiar in that a founder’s
purchases will exceed her sales in the centralized market.
She will make up this difference with the proceeds from
her endowed productive capital. As we shall see, this allows
sustained deflation to be feasible as an equilibrium outcome
in the economy under free entry.

V. EQUILIBRIUM

We now look to characterize precisely the equilibria of
this model. From (20), we know that if cryptocurrencies i

and j both have positive value, then ↵

i

t+1 = ↵

j

t+1 and the
currencies share the same real return (denoted by ↵

t+1). If
we let q

t

2 R+ be the quantity traded at night in t, then (20)
becomes

�(

u

0
(q

t

(m))

c

0
(q

t

(m))

� 1) + 1 =

1

�↵

t+1
. (30)

We have q

t

and ↵

t+1 as variables, so quantity is some
function of the expected return on all cryptocurrencies in the
economy. Define this relationship implicitly as q

t

= q(↵

t+1)

where q

0
(↵) > 0 when ↵ > 0. In other words, a higher return

on cryptocurrencies results in a higher production of goods
in the distributed market. The demand for real balances is
then given by

z(↵

t+1) =
c(q(↵

t+1))

�↵

t+1
(31)

which can either be decreasing or increasing in the
monetary rate of return ↵

t+1. Because quasi-linearity of
preferences implies that all buyers have the same demand
function, the above is the aggregate demand for real balances
across cryptocurrencies. The market clears when

NX

i=1

�

i

t

M

i

t

+ r◆ = z(↵

t+1) (32)

for all t � 0. To obtain the real value of the money
supply, we must sum across the real values of the individual
currencies. Let b

i

t

= �

i

t

M

i

t

be the real value of the total
supply of founder i’s cryptocurrency in period t. Let b 2 Rn

+

be a vector of the real value of all cryptocurrencies in period
t. Our free entry assumption imposes

b

i

t

� ↵

t

b

i

t�1 + r◆ = 0 , 8i (33)

for all t � 0. Our market-clearing condition from (32)
becomes

NX

i=1

b

i

t

+ r◆ = z(↵

t+1) (34)

at all dates t � 0.
From the above derivation, we see that a sequence

{b
t

,k
t

,↵

t

}1
t=0 satisfying (33) and (34) where each b

i

t

> 0,
0  ↵

t

 �

�1, ki
t

= ◆ for all t � 0 and i 2 {1, 2, 3, ..., N} is
an equilibrium sequence. We can rewrite the dynamic system
as

z(↵

t+1) + r◆ = ↵

t

z(↵

t

) . (35)

To characterize our solution, it is helpful to look for
preferences that lead to plausible money demand functions
where the demand for real balances is increasing in the
real return on money. We therefore assume utility function
u(q) = (1 � �)

�1
q

1�� and disutility function c(q) =
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(1+�)

�1
q

1+� where 0 < � < 1 and � � 0. Our dynamical
system of (35) reduces to
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1+�
�+�
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1+�
�+��1

[1� (1� �)�↵
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�+��1
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�+�
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]

1+�
�+�

(36)

It can be shown that d↵t+1

d↵t

> 0 for all ↵

t

> 0. When
↵

t+1 = 0,

↵

t

=

(r◆)

�+�
1+�

��

1��
1+�

+ (r◆)

�+�
1+�

(1� �)�

(37)

Since ↵

t

2 [0,�

�1
], a nonstationary solution would

violate this boundary condition. Therefore, there must be a
stationary, unique solution such that ↵

t

= ↵̄ for all t � 0.
This solution must satisfy

�

1+�
�+�

(�↵̄)

1+�
�+��1

+r◆[1�(1��)�↵̄]
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(38)
where

(r◆)

�+�
1+�

��

1��
1+�

+ (r◆)

�+�
1+�

(1� �)�

 ↵̄  �

�1 (39)

Thus, if the rate of return on capital r is greater than zero,
we see that productive projects in the economy provide a
price-stabilization mechanism for a valued currency in the
economy. This productive capital provides a fundamental
value for cryptocurrencies in which a belief that the value of
a given currency will drop below this fundamental value (as
dictated by the productive project) is inconsistent with the
equilibrium conditions within the economy.

Figure 1 plots (36) over ↵

t

, ↵

t+1, and r with � = .9,
� = .9, � = .5, � = .5, and ◆ = .5. We see that there
exist no equilibria in which the value of all cryptocurrencies
drops to zero from a positive value. Figure 2 plots (36) over
↵

t

and ↵

t+1 with � = .9, � = .9, � = .5, � = .5, ◆ = .5,
and r = .2. Again, we see that the currency values do not
approach an equilibrium of zero.

Fig. 1. Plot of equation (36) ↵t vs ↵t+1 with varying r

Under free entry, this equilibrium implies a positive return
on money. Therefore, the opportunity cost of agents holding

Fig. 2. Cross-sectional plot of equation (36) with r = .2

cryptocurrencies for transactional purposes is reduced which
stabilizes monetary flow. As well, the gains from investment
opportunities for individual founders translates directly to
higher returns on their associated private currencies. We
see that the real return on cryptocurrencies ↵ approaches
the efficient upper bound �

�1 as the technological rate of
return on capital, r, increases. Thus, the unique equilibrium
allocation approaches the efficient allocation as returns from
capital increase.

This result is in line with Hayek’s proposal for the
denationalization of money. Monnet and Sanches (2015) find
that an allocation with the property that the rate of return on
privately issued debt equals the rate of time preference is
feasible under a monopolistic banking system when agents
are sufficiently patient. This falls in line with our results
where, in practice, cryptocurrencies take the place of issued
notes in the economy.

Recall equation (29), which showed that if the cryptocur-
rency issued by founder i has positive value in equilibrium
and r > 0, then we must have that M i

t

< M

i

t�1. Under this
long-run profit maximization scheme, we see that a founder
makes purchases that exceed her sales during the day when
her cryptocurrency supply M

i is strictly decreasing. If a
founder deviated from this plan, she would be better off since
she can retain the proceeds from her capital investments. To
achieve an efficient allocation, it is necessary to implement
some type of check on the founder to make sure she does not
opportunistically deviate from the profit maximization plan
in which the nominal money supply is strictly decreasing.

VI. NO CAPITAL

What happens to a system of cryptocurrencies in which
productive projects are not available? In other words, what
is the effect on the monetary equilibrium when r = 0? In
this section, we investigate an economy without productive
capital (or projects with no return) and show that an equilib-
rium in which all currencies share a common, positive value
exists. However, we also find equilibrium solutions that are
degenerate, causing currency values to monotonically drop
to zero.

With the return from capital, r, at zero, our equation (35)
becomes
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z(↵

t+1) = ↵

t

z(↵

t

) . (40)

Under the assumption that b

i

t

= b

j

t

, 8i, j, the market-
clearing condition in (34) becomes

Nb

t

= z(↵

t+1) (41)

for some b

t

� 0. The free-entry condition gives us that
b

t

= ↵

t

b

t�1 , 8t � 0. The equation (40) is an implicit
map with at least two fixed points: (↵

t

,↵

t+1) = (0, 0)

and (↵

t

,↵

t+1) = (1, 1). This implies the existence of a
continuum of equilibrium solutions that can be constructed
from any starting point ↵0 2 (0, 1). A continuum of
equilibrium solutions implies there exists a solution in which
the value of all cryptocurrencies is constant over time. In
other words, there is an interior stationary equilibrium where
↵

t

= 1 for all t � 0, which follows from the fact that
(↵

t

,↵

t+1) = (1, 1) is a fixed point. Setting ↵

t

= 1 for all
t � 0, we get a solution that satisfies the boundary condition
0  ↵

t

 �

�1.
Focusing on this stable solution, we see that the exchange

value of all cryptocurrencies remains constant through time.
This is due to the fact that agents have expectations of
constant return over the cryptocurrency space, so the value
does not fluctuate. Surprisingly, this solution implies that in-
herently worthless cryptocurrencies without any fundamental
value can, in fact, gain a positive value to be used as media
of exchange.

Although stable, the solution in which all cryptocurren-
cies attain a positive, constant value is socially inefficient.
Because ↵

t

= 1, the quantity q

s traded at night is less than
the efficient quantity due to:

�(

u

0
(q

s

)

c

0
(q

s

)

� 1) + 1 =

1

�

< 1 . (42)

The above solution is only one of the possible equilibrium
solutions. Despite its academic interest, there is no reason to
favor this solution over the other possible solutions. Assum-
ing the same utility and disutility functions, the demand for
real balances (31) becomes

z(↵

t+1) =
(�↵

t+1)
1+�
�+��1

1 + �

[

�

1� (1� �)�↵

t+1
]

1+�
�+�

. (43)

The recursive relationship for each ↵

t

is then

↵

1+�
�+��1

t+1

[1� (1� �)�↵

t+1]
1+�
�+�

=

↵

1+�
�+�

t

[1� (1� �)�↵

t

]

1+�
�+�

. (44)

Because the initial choice of ↵ is arbitrary, there exists a
continuum of ↵ 2 (0, 1) which produce equilibria in which
the value of private money is driven to zero, resulting in
autarky. This result is consistent with Monnet and Sanches
(2015) in which they find similar equilibria in an economy
where entrepreneurs issue debt claims that are circulated as
media of exchange. Figure 3 plots the dynamic system in (44)

with � = .9, � = .9, � = .5, and � = .5. Along these equi-
librium paths, real money balances decrease monotonically
until convergence to zero. Equally, the economy approaches
autarky as t ! 1. This has the effect of decreasing trading
activity in the decentralized market as t grows.

Fig. 3. Plot of equation (44) ↵t vs ↵t+1

Note that all the nonstationary solutions are Pareto-
dominated by the stationary solution in which cryptocur-
rencies share a constant value through time. This results
from the fact that the night production in a monotonically-
decreasing currency scheme is bounded above by q

s (from
(42)) and decreases along with the currency value through
time.

Another interesting solution satisfying (40) is the asym-
metric solution in which a single founder’s cryptocurrency
is valued and all other cryptocurrencies become worthless.
This, in effect, is equivalent to a model in which a single
government issues fiat currency. The existence of this equilib-
rium is interesting given our assumption of free entry. Given
that the production of cryptocurrencies is assumed to cost
nothing, there is no way to distinguish b

i

t

, the market share
of any individual founder at a given time. However, we can
track the case where a single cryptocurrency circulates while
all others become worthless. We know b

i

t

�↵

t

b

i

t�1 = 0 must
hold for each founder i, so we must have

NX

i=1

b

i

t
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t

NX

i=1

b

i

t�1 . (45)

which with (34) implies

b

i

t

= z(↵

t

) (46)

Thus, we see that there exists an equilibrium sequence
{↵

t

}1
t=0 that satisfies the boundary condition 0  ↵

t
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�1

in which b

i

t

= b

t

= z(1) > 0 for some i and b

j

t

= 0 for
j 6= i at all t � 0. As well, we have a continuum of solutions
starting from an arbitrary ↵0 2 (0, 1) in which b

i

t

= b

t

=

z(↵

t+1) > 0 for some i and b

j

t

= 0 for j 6= i and t � 0.
This equilibria are interesting in that there is a single

founder that issues her cryptocurrency while all other cryp-
tocurrencies either obtain zero value or their supply drops to
zero. The free-entry condition constrains this sole founder’s
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behavior. Other agents in the market understand the effect
of the free-entry condition on the lone founder and therefore
permit a single currency to circulate.

VII. DISCUSSION

So far, we have characterized numerous possible equilibria
within an economy based solely off of the exchange value
of privately-issued cryptocurrencies. We have seen that our
results mostly match with the empirical analysis of the cryp-
tocurrency environment under certain assumptions. Although
the current state of cryptocurrencies is far removed from a
purely private model, there are many qualitative results that
are still applicable to the current environment.

One of the issues in the cryptocurrency space that our
model may be able to inform is in a Bitcoin ”fork”. A
”fork” appears in a cryptocurrency when a majority begins
following a different protocol than in the past. A fork is
”soft” if the protocol change only affects the validity of
transactions moving forward while all previous transactions
remain secure and valid. By contrast, a fork is ”hard” if it
changes the validity of previous transactions and requires
all participants in the system to adhere to the changes. If
participants decide not to adhere to the protocol changes, a
fork can, in effect, birth two cryptocurrencies from a single
parent cryptocurrency. While the exact mechanisms of a fork
are outside the scope of this paper, our analysis shows that,
from an economic perspective, a fork does not necessarily
imply that a single child currency will out-compete its sibling
after the fork. In fact, we have shown that these currencies
can coexist in a continuum of equilibria, depending on the
capital backing of the currency.

More generally, our analysis gives validity to the exis-
tence of more than 600 cryptocurrencies in the present day.
Although many of these currencies have exchange value near
or at zero, our model implies that it is theoretically possible
for all of these cryptocurrencies to exist simultaneously,
and more, it is feasible that these currencies may obtain a
common value in equilibrium.

Our model also has implications for cryptocurrency
founders. In the presence of productive capital, we have
shown that cryptocurrencies attain a fundamental value and
can exist in equilibrium. This equilibrium is stationary, effi-
cient, and the presence of capital prevents unfavorable solu-
tions in which cryptocurrency values monotonically approach
zero. However, this equilibrium only exists when founders
are interested in long-run profit maximization. Because of
this, it is important to investigate policy options which may
prevent founders from deviating from the profit-maximizing
trajectory.

CONCLUSION

In this paper, we have investigated an economy of com-
peting, privately-issued cryptocurrencies. We estimated fea-
tures of this system from the data available on the current
cryptocurrency environment. From these features, we built
a model using an alteration of the Lagos-Wright mone-
tary framework. In the presence of productive capital, our

model shows promise for an economy of cryptocurrencies
to provide the optimal amount of money while in direct
competition. In fact, we find that cryptocurrencies in this situ-
ation become homogenous and produce a unique competitive
equilibrium under free entry. We also discovered that less-
desirable equilibria exist in an economy without productive
capital. In this scenario, our model predicts a continuum of
equilibrium solutions that do not provide an optimal quantity
of money. Some of these solutions are degenerate and result
in autarky.

Although our model shows promise for the burgeoning
cryptocurrency market, it also shows that inefficient equi-
libria are possible and common under certain scenarios.
Nevertheless, there is more research that could be done
within this framework. Many topics, including the analysis
exchange markets, crypto-assets, public currency interaction,
transaction costs, and free entry assumptions are some av-
enues for future research.
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